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Class #5

Plan for Today
� 1) Review

Truncation error & consistency
� 2) NUMERICAL METHODS : 

Takacs paper
Staggered grids
Changing from 1D to 2D

� 3) CODE/DATA:
Program #2

� 4) NUMERICAL METHODS : 
Stability and polar plots
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Truncation error 
and Consistency
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O B J E C T I V E S :

•  Q U A N T I F Y  T H E  D I S C R E T I Z A T I O N  E R R O R ;
• D E T E R M I N E  I F  A  S C H E M E  I S  C O N S I S T E N T ;

• L E A R N  T O  A N T I C I P A T E  E R R O R  C H A R A C T E R I S T I C S .

Truncation error - again
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� The process
¡ Substitute Taylor series into scheme – for time, space separately

÷ q(n+1) = q(n) + (∆t)*dq/dt + (∆t)^2/(2!)*  …
÷ q(j+1)  = q(j)  + (∆x)*dq/dx + (∆x)^2/(2!)* …

¡ Keep like terms together (time vs. space) until canceling 
¡ Find original PDE terms, take to left side; everything else right

÷ if the original PDE terms are not there: not a consistent approximation
÷ everything on right hand side (RHS) is the truncation error
÷ use power of ∆x, ∆t to identify the order of accuracy

� Example #1:  diffusion
¡ qt=K•qxx …  is  O(∆t, ∆x2) = 1st order accuracy in T, 2nd in X

C008: Truncation error



Class 5 - Jan. 29

ATMS 502 - Spring 2019 2

Truncation error:  Derivation
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C008: Truncation error

Numerical methods:
Takacs (1985) 

1/29/19ATMS 502 - Spring 2019

References:
• C001 (Lax-Wendroff)
• C006 (Finite differences)
• C007 (Taylor series)
• C052 (Advection)
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•  O R D E R  O F  ( S P A T I A L )  A C C U R A C Y
•  D O M I N A N T  T Y P E S  O F  E R R O R S

•  H I S  M E T H O D  ( U S E D  L A T E R )
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1st order

2nd order

3rd order

� Amplitude error (Fig. 1)
¡ q is k∆x; µ is Courant number c∆t/∆x
¡ Odd-order schemes most dissipative
¡ Even-order schemes least dissipative
¡ Higher-order schemes restrict errors to 

larger k

� Phase error (Fig. 2)
¡ Odd order: smaller phase error

ü limited range of µ

¡ Even order: larger phase error 
ü over broader µ

¡ Higher order: phase errors 
restricted to larger k

Takacs pp. 1053-1054

Forms of diffusion
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� Behavior seen especially w/sharp gradients:

Anderson (1984)

Dissipation
odd-order
scheme

Dispersion
even-order

scheme

C022: Amplitude error; C023: Phase error; C026: Order of accuracy
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Takacs (1985)
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� Error computation
¡ Total error is mean square error (6.1)

÷ Dissipation error (6.6)
÷ Dispersion error (6.7) = (total - dissipation), 

involves linear correlation coefficient r
÷ If r=1, only error is due to dissipation
÷ Test: cone (spike)

� Least error for a=(1+µ)/6 (Figs. 5,7)

€ 

ETOT =
1

N
qT − qD( )

2

j

∑

Takacs pp. 1055-1059

C022: Amplitude error; C023: Phase error; C024: Mean square error; C025: Correlation

Numerical methods:
Staggered grids
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K E Y  A D V A N T A G E :   
I M P R O V E D  P H A S E  B E H A V I O R

Staggered grids

n A-grid: No staggering    
n C-grid: velocities on normal faces of 

mass points.
ü Different u,v locations; truncation 

errors - Coriolis terms
o Better at higher resolution (than B-grid)
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C-grid staggering.

C.012:  Staggered grids
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Non-orthogonal grids
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Ferziger and Peric (2002), Chapter 8, Complex Geometries
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Staggered grids: C-grid for all variables
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When coding a solver for multiple variables, you must consider the grid indexing centered on each variable.

C.012:  Staggered grids
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A
dapted from

: https://palm
.m

uk.uni-hannover.de/trac/w
iki/doc/tec/discret

u(i,j,k) u(i+1,j,k)

v(i,j+1,k)

v(i,j,k)

w(i,j,k)

w(i,j,k+1)

T(i,j,k)

"scalar quantities are defined at the center of each grid volume, whereas 
velocity components are shifted by half a grid width in their respective 
direction so that they are defined at the edges of the grid volumes"

Vertical
(x-z) viewT uu

Horizontal
view

T uu

w

w

A
dapted from

: http://pycom
odo.forge.im

ag.fr/norm
.htm

l#dim
ensions

T W O - D I M E N S I O N A L  A D V E C T I O N

V E L O C I T Y  V A R I E S  I N  S P A C E ,  N O T  I N  T I M E
A  L I N E A R  A D V E C T I O N  P R O B L E M .

Computer Program 2
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Moving from 1D to 2D:  Options

1/29/19ATMS 502 - Spring 2019
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� Add terms to difference expression
¡ this is an unsplit approach

÷ unsplit in the sense that each operator is independent.
÷ discussion

� Directional splitting
¡ same operator, applied in multiple dimensions

÷ this is a split approach, IF we use results of each step in next
÷ discussion

Lax-Wendroff

Test Case,
61x61

1/29/19ATMS 502 - Spring 2019 16
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Takacs

Test Case,
61x61
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Code structure, program 2

1/29/19

� Program 2 structure
¡ Is similar to program 1
¡ But we step up to 2-D 

÷ 1-D method used in X and Y
¡ We introduce non-constant

flow – varies in (x,y), not time
÷ Two flow components: u, v

¡ Use two numerical methods
÷ Two 1-D methods!  Lax is one

¡ Derive stats for final solution
÷ Equations from Takacs paper

Initiation

Set BCs

Advection:
2d advection

Stats,

plotting

Prepare for
next step

Done?

1D advection
• Lax-Wendroff
• Takacs

ATMS 502 - Spring 2019

18

Program 2 - recommendations

1/29/19

� Coding programs is like test taking …
¡ There are distinct advantages to having a plan.

� 1) Make the necessary arrays 2D.
� 2) Code & evaluate the initial conditions (ICs).

¡ Create scalar field + U, V velocity components
¡ Be careful with dimensions & physical locations
¡ Plot it - plotting+code examples online ~tg457444/502/Pgm2

� 3) Set the boundary conditions (BCs)
¡ Alter your BC routine for two dimensions.

� 4) Now continue with 2D advection.

ATMS 502 - Spring 2019
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Program 2 - advection()

1/29/19

� Advection routine: data management
¡ I set up three 1-D arrays in my advection routine –

÷ q1d(0:nx+1), u1d(nx+1), v1d(ny+1)
¡ Advection routine is now data management; calls advect1d

� Advect1d routine: does transport
¡ Averages velocity to q1d() location. It expects -

÷ 1-D velocity array with nx+1 elements, q1d array w/ghost points 

ATMS 502 - Spring 2019

20

C014: Directional splitting
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Program 2 - details

1/29/19

� Advection routine: data management
¡ I set up three 1-D arrays in my advection routine –

÷ q1d(0:nx+1), u1d(nx+1), v1d(ny+1)
¡ Advection routine is now data management; calls advect1d
¡ When copying 1-D rows/columns of Q, copy ghost points, too!
¡ When advecting rows (X) …

÷ copy q1(i,j) >q1d, U(i,j) > u1d; pass q1d, u1d to advect1d.

� Advect1d routine: does transport
¡ Averages velocity to q1d() location. It expects -

÷ 1-D velocity array with nx+1 elements, q1d array w/ghost points 

ATMS 502 - Spring 2019
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C014: Directional splitting

for all j (rows)

Program 2 - details

1/29/19

� Advection routine: data management
¡ I set up three 1-D arrays in my advection routine –

÷ q1d(0:nx+1), u1d(nx+1), v1d(ny+1)
¡ Advection routine is now data management; calls advect1d
¡ When copying 1-D rows/columns of Q, copy ghost points, too!
¡ When advecting rows (X) …

÷ copy q1(i,j) > q1d, U(i,j) > u1d; pass q1d, u1d to advect1d.
¡ When advecting columns (Y) …

÷ copy q1(i,j) > q1d, V(i,j) > v1d; pass q1d, v1d to advect1d.

� Advect1d routine: does transport
¡ Averages velocity to q1d() location. It expects -

÷ 1-D velocity array with nx+1 elements, q1d array w/ghost points 
ATMS 502 - Spring 2019
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C014: Directional splitting

for all i (columns)

for all j (rows)

R E P R E S E N T I N G  A M P L I T U D E ,  P H A S E  E R R O R

Q U E S T I O N S  W E  A R E  A D D R E S S I N G :
1 . H O W  D O E S  E R R O R  V A R Y  W I T H  C O U R A N T  N U M B E R ?
2 . H O W  D O E S  E R R O R  V A R Y  W I T H  W A V E L E N G T H ?

Polar plots

1/29/19ATMS 502 - Spring 2019
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Polar plots
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� Note there is a very distorted scale for
polar plots of amplitude and phase…

� We will generally plot amplitude error
and phase error as a function of (b,n)

÷ b = k∆x is the non-dimensional wavenumber
÷ n = c∆t/∆x is the Courant number

€ 

β = kΔx =
2π
L
Δx   

L→∞     β = 0

L = 4Δx   β =
π
2

L = 2Δx    β = π

' 
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* 
) 
) 
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Amplitude

b=k∆x = 0 for infinite wavelengths, p for 2∆x.

Anderson et al., chapter 4

1/29/19ATMS 502 - Spring 2019
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1. Find unit circle, courant #s
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cΔt

Δx
=1.25

cΔt

Δx
= 0.5

Anderson et al., chapter 4
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2. Find 2∆x, 4∆x, infinite waves

1/29/19ATMS 502 - Spring 2019

2∆x ∞

4∆x

is angle 
from +x axis
β = kΔx

|l| for all curves 
approach 1 for 
infinite 
wavelengths: 
no error!
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3. Identify regions >1, <1
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Value > 1

Value < 1

Anderson et al., chapter 4

28
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Amplitude error |l|
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|l|>1: amplifying

|l|<1: Damping

2∆x ∞

4∆x

Anderson et al., chapter 4
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Amplitude error |l|

2∆x ∞

Growing Decaying

4∆x
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b=k∆x = 0 for infinite wavelengths, p for 2∆x.

Anderson et al., chapter 4
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Phase error

2∆x ∞

Too fast

Too slow

Accelerating Decelerating
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4∆x

1/29/19ATMS 502 - Spring 2019

b=k∆x = 0 for infinite wavelengths, p for 2∆x.

Anderson et al., chapter 4
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Review: Polar plots
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� Domain:
¡ The curves are a function of two things:

÷ Courant number µ
÷ Nondimensional wavenumber (k∆x = b)

� When you look at these plots:
¡ First identify the unit circle
¡ Data curves inside/outside the circle show:

÷ Damping / growing (unstable) amplitude errors
÷ Slow / fast relative phase errors
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